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Abstract 

We argue that a description of supersymmetric extended objects from a unified geometric point 
of view requires an enlargement of superspace. To this aim we study in a systematic way how 
superspace groups and algebras arise from Grassmann spinors when these are assumed to be the 
only primary entities. In the process, we recover generalized spacetime superalgebras and extensions 
of supcrsymmetry found earlier. The enlargement of ordinary superspace with new parameters gives 
rise to extended superspace groups, on which manifestly supersymmetric actions may be constructed 
for various types of p-branes, including D-branes (given by Chevalley-Eilenberg cocycles) with their 
Born-Infeld fields. This results in a field/extended superspace democracy for superbranes: all brane 
fields appear as pull-backs from a suitable target superspace. Our approach also clarifies some facts 
concerning the origin of the central charges for the different p-branes. 
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1 Introduction 



As is well known, the existence of consistent classical actions for extended super symmetric objects of 
spatial dimension p is restricted to certain dimensions D of spacetime. This is e.g. the case of the 
p-branes of the minimal or 'old' branescan ||l|, which restricts the actions to certain values {D,p) for 
which there exists a Wess-Zumino (WZ) term. This is needed for the ^-symmetry of the full action that 
matches the physical bosonic and fermionic degrees of freedom on the worldvolume W, and the WZ 
term is given by a closed {p + 2)-form which can be interpreted Q as a Chevalley-Eilenberg (CE) 
{p + 2)-cocycle on superspace. The first classification of p-branes |j^ was restricted to fields forming 
a scalar supermultiplet on W, consisting of scalars and spinors after gauging the K-symmetry. The 
restriction to superspace coordinates x^,6" on W was later removed with the addition of higher spin 
fields, vectors or antisymmetric tensors, forming vector or antisymmetric tensor supermultiplets on 
W. This, together with the Bose-Fermi matching conditions led to an enlargement of the possibilities 
(see [Q, ^] and earlier references therein) for the classically allowed super membranes. Recently, p- 
branes including an abelian vector gauge field on W have been interpreted as (Dirichlet) D-branes 

(see for a review). Their kinetic term is described by a Born-Infeld type Lagrangian which 
replaces the usual Nambu-Goto one to accommodate the vector potential; in similarity with the p- 
branes in |jl|, there also exists a K-symmetric worldvolume action for them. The introduction of 
other objects such as L-branes (which have linear supermultiplets on W) |^] etc., have enlarged the 
number and types of p-branes. Finally, the emergence of a web of dualities among the five consistent 
10-dimensional string theories, all presumably subsumed, together with D = 11 supergravity, in the 
eleven dimensional M-theory (see, e.g. []To| ) has led to the 'second superstring revolution' and to a 
change of the conventional views of super symmetry. One version of the M-theory, M-atrix theory 
[In] ], even reinterprets spacetime coordinates as non-commuting matrices. 

The existence of various extended objects for which there is no unified description suggests that, 
in the same way Minkowski space was enlarged to the superspace E to treat bosons and fermions 
simultaneously, it may be necessary to extend S further to accommodate in a unified point of view a 
number of the physical aspects mentioned above. In particular, one might hope to remove the need of 
defining fields directly on W if an extended superspace S is introduced, as it will be seen to be the case. 
This extension of T, is tantamount to enlarging the_^Z)-dimensional superPoincare sP to sP and to 
defining the extended superspace S by the quotient sP / Spin{l, D — 1). Endowing S with a supergroup 
structure means that there must exist new superalgebras going beyond the ordinary supersymmetry 
algebra, and several of them have been discussed in various contexts |12, 14, 15, 16, 17, 15, |ll 



21, 22]. Our point of view, however, will be to assume that fermions (in the form of odd abelian 



spinor translations) are the only basic (i.e., initial) entities. We shall then look for the most general 
superspace groups that are allowed by group extension theory and discuss their consequences for a 
unified picture of superbranes. We find this path rather natural, but it is not the only one. Another 
possibility is to take the worldvolume supersymmetry of the p-branes into account by elevating the 
target superspace coordinates to worldvolume superfields |2^, ^] (see also j|9| and references therein), 
but we shall not follow this superembedding or 'double supersymmetry' approach. 

Stated as above, the problem is first a mathematical one. Much in the same way that rigid super- 
space is itself a group extension, and hence supersymmetry is the result of the non-trivial cohomology 
of a certain odd superstranslation group sTr/) |2^, ^], it is worth looking for all the possible group 
extensions of the various sTvd (i.e., sTr£)= {A^=l, sTrn, sTrio, IIA, IIB, etc}) to explore their role 
in more general theories. At the algebra level, the possible supersymmetry algebras were already in- 
vestigated in |2^ and, allowing tensor 'central' charges, in ]|2^ (tensorial charges were also considered 
in ] p9| , 30, |3l|). But there is also a physical reason behind the mathematical extension problem. It 
is known that the quasi-invariance of a Lagrangian under a symmetry indicates that the (second) 
cohomology group is non-trivial, and that the symmetry group may hence be extended.^ This was 
exploited in ]12] to extend the supersymmetry algebra for the supersymmetric extended objects by 
topological charges. For Lagrangians containing a quasi-invariant piece (j)*{b) constructed from a form 
6 on a group T, by pulling it back to a manifold W hy (p* , where (p : — > S, the extension may allow 
us, as it is the case with the WZ terms b of supersymmetric objects, to obtain manifestly invariant 

^ For a detailed account of quasi-invariance, Noether currents, cohomology and extensions, see |3^ . 



terms 6 ^ by defining them on an extended group manifold S. In fact, it was shown in that to 
every free differential algebra in Q corresponds a new spacetime superalgebra, from which invariant 
forms can be found to define new WZ terms 0. We shall take the analysis of ^, |l^ further (see 
also ||T^) by considering various superbrane types and by emphasizing the supergroup manifold point 
of view. Thus, we shall look for and introduce extended superspace groups S in a systematic way 
(we restrict our attention here to rigid superspaces). The additional variables in these will determine 
symmetries to which (topological) charges may correspond via the standard Noether theorem. For 
the branes of the old branescan, these new variables will appear only in the WZ term and as a total 
differential. This will be different for the D-branes, for which we will obtain, nevertheless, that it 
is also possible to find an action defined on an extended superspace (thus removing the necessity of 
introducing directly worldvolume fields) with a WZ term given by a CE {p + 2)-cocycle. By show- 
ing that all these structures and extended superspaces S follow from a basic odd translation group 
sTi£) defined by the Grassmann spinors of the specific theory, we may conclude that the S's (and 
the corresponding extended superPoincare groups sP) are in a way as fundamental as the standard 
one, and necessary for a proper description of the physics involved around M-theory and its six weak 
coupling limit corners. The new variables may be relevant in the search for superbrane actions, in the 
description of dualities or in the quantisation process. 

This paper is organised as follows. Sec. 2 contains all central extensions of sTr/j, including ordinary 
superspace, for various dimensions, and its results are summarised in a table. Sec. ^ considers in 
general the inclusion of additional non-central generators. Sec. |^ is devoted to the structure of the 
new superspaces S and provides a compact expression for the contribution to the Noether charges 
coming from the WZ terms of the various possible actions, once they are formulated on S. Sec. 
^ shows how the simplest D = 10,11 extended superspaces are relevant to construct a manifestly 
invariant WZ term, both for the Green-Schwarz superstring |l^ (which we will complete with an 
additional contribution), and for the supermembrane. We shall recover there the results of [16| and 
compute the topological charges which, in our approach, correspond to the new group variables. The 
question of the linearity of the group action is seen in Sec. ^?l] to be associated with a coboundary 
election. Sections ^ and ^ show how the case of the IIA Dp-branes and M5-brane may also be treated 
within the same framework i.e., how branes containing vector and tensor fields on W may be defined 
directly on suitably extended superspaces. We shall argue, in fact, that the picture is general and that 
suitable target superspaces exist on which to define all the fields appearing in the p-brane actions, 
including the various vector (see also [^]), tensor, etc. worldvolume fields. This is tantamount to 
establishing a general fields/extended superspace democracy in which the worldvolume fields and the 
extended superspace variables are on the same footing, as it was already the case for the minimal 
branescan. Indeed this correspondence between coordinates and fields has occasionally been discussed 
in the past in other contexts (see [34, 35, 36, 0). Sec. contains a brief discussion of the origin of the 



contributions to the Noether charges in the D-branes case |^8| in our approach. Finally, an Appendix 
complements the general theory of non-central extensions of superspace in Sec. ^ and gives the proof 
of some needed F-matrix identities. 



2 Central extensions and their superspaces 
2.1 Standard superspace as a central extension 

Let 9 be an arbitrary Grassmann spinor in a D-dimensional spacetime. Its components 9°^ (2[^/2l 
where [D/2] denotes the integer part of D/2, or 2^^/^)"^ in the Weyl case) determine an abelian 
group of supertranslations, generically denoted sTr/), with group composition law 

^"° = 0'° + r . (2.1) 

^This is not always possible. When the group G is simple, the extension appears only at the loop algebra (of charge 
densities) level, as for the su{2) Kac-Moody algebra for a WZW model, and disappears for the algebra of charges, as 
required by Whitehead's lemma. 

''Although it may be argued that these invariant terms should no longer be called WZ terms, we shall retain this 
name for them. 



When the Lorentz part is considered exphcitly, there is an action p of Spin{l,D — 1) on sTtd and 
the relevant group becomes sTtd o Spin{l,D — 1), where o indicates semidirect product. Then ( |2.1| ) 
is replaced by 

e" = 9' + p{A)9 , A" = A'A , (2.2) 

where A £ Spin{l,D — 1) and p{A) is the appropriate spin representation. The spinor 9 is often 
restricted to be of some specific type, usually minimal {e.g., Majorana (M), Weyl (W) or Majorana- 
Weyl (MW), when possible); it may carry an additional index i = 1, . . . , N if there is more than one 
supersymmetry. Associated with (^.iD is the abelian Lie superalgebra {Da, Djs} = 0, which can also 
be described in terms of the left-invariant (LI) one-forms = d9°' and the trivial Maurer-Cartan 
(MC) equation 

dn" = . (2.3) 

Extending sTr/j by the Minkowski translations , p = 0, . . . , D — 1 leads to standard (rigid) super- 
space |2^, ^] . Let us adopt the free differential algebra (FDA)^ point of view to discuss the extension 
problem, since forms are especially convenient in the construction of actions for extended objects. 

Let 9°' be Majorana, and consider the two-form (Cr'^)Q,^n" A on sTr^). It defines a non trivial 
CE two-cocycle on the superalgebra of sTr/j, i.e. it is left-invariant (LI), closed and not given by the 
differential of a LI one- form. Since by construction the two-cocycle transforms as a Lorentz vector, it 
is consistent to extend the FDA (|2.3| ) by a one-form 11^ such that 

du^" = ^(CT'^)<,/3n"n^ (2.4) 

(we omit the wedge product henceforth). The above extension immediately implies {Da, Dp} = 
{0^^)0/3X1^, with central. One still has to relate the newly introduced one-form to the coordinate 
rc'^. We define 

1 



W = dxf" + -{CT'')ap9''d9" (2.5) 
and choose the transformation law for x^ so that 11^ is LI 

= + 3,/^ _ I (0^)^139'" 91^ . (2.6) 

This gives rigid superspace S, parametrized by (^",x^) and with group law given by ( |2.1| ) and (p.6|). 

The above simple example exhibits already the key features of the extension algorithm. Given a 
particular FDA to be extended, one identifies in general a non-trivial two-cocycle of a desired Lorentz 
covariant nature and introduces a new LI one-form, the differential of which is given by the cocycle. 



The new form (here, (^.5]) ) together with the MC equations (here, eqns. (|2.3|) and (|2.4D ) automatically 
define by duality an extended Lie algebra. The new LI one-form is given by the sum of the differential 
of the new group parameter and the potential one- form of the CE two-cocycle on sTr/j, which is not 
LI. Finally, the transformation properties of the new coordinate are fixed so as to guarantee the left 
invariance of the new one- form, while those of the original manifold are unmodified. The additional 
one- form can be made LI only if it is defined on the extended superspace manifold S. The new (central) 
generator, associated with translations along the new coordinates, modifies the r.h.s. of the original 
commutators of the algebra. Since adding ( |2.4| ) to ( |2.3D involves a central extension, we could have 
introduced a dimensionful constant^ as a factor in the r.h.s. of ( |2.4| ). By not doing so, the dimensions 
of are fixed to be [n"]^ = [6'°]2. We shall, as usual, take [6*°] = so that [W] = L. 

* Since we shall be considering left-invariant (LI) generators and forms, we shall use here D's (rather than Q's) to 
denote the generators of the right translations (the Q's being realized as the right-invariant (RI) generators of the left 
translations). This distinction is of course irrelevant for an abelian group such as ( ^.l| ) but it is not so when non-abelian 
parts are added (nevertheless, the corresponding structure constants differ only in a sign). Furthermore, LI and RI 
generators commute, {Q,D} = 0. We may look at the D's as covariant derivatives and at the Q's as the generators of 
the (left) supersymmetry transformations; see Sec. ^. 

^The term refers to an algebra generated by differential forms which is closed under the action of d For early 

physical applications of FDA in supersymmetry see [ ^ , ^ and references therein. 

^ The value of this constant determines the specific element in cohomology space that characterizes the central 
extension. 



If we add the Lorentz group, the result must reflect the action a of Spin{l, D — 1) on the extension 
cocyle (see, e.g. ||2^, Sec. 5.3), but we shall not consider explicitly the effect of the simple part of the 
algebra which, apart from extracting the various tensor-valued second cohomology groups from that 
of the trivial (ct=0) action //g(sTr£)) (see below), plays no essential role in our discussion once only 
Lorentz covariant objects are used. Thus, central means, where appropriate, central up to Lorentz 
transformations. 

The extension procedure described above can be applied more than once — there are two basic 
patterns one may follow in this case. One can start in each step with the same original manifold sTr^j, 
and keep adding two-cocycles and central generators or, in each step, one can consider the result of 
the previous extension as the starting manifold. In the first case (Sec. p.2| ) all new generators remain 
central and appear only at the r.h.s. of the original {D, D} anticommutator. In the second case, 
a richer structure emerges since the generators introduced at each step can, in principle, modify all 
previous commutators. We shall give the details of this second construction in Sec. ^. 

2.2 Maximal central extensions of superspace 

Let 6°' be Majorana. We may obtain additional Lorentz tensors, leading to new central charges, by 
considering 

^jjMi-./^p = i(CT^i-Mp)^.n"n^ , (Tt'i-t'p = • • • r'^fi = -e'^l-t^^T"^ ■ ■ ■ t^^) , (2.7) 
2 p\ 

where[] CT^C~^ = — T'^^. The antisymmetry in the Lorentz indices is needed to rule out trivial 
dependences coming from the fact that {L'^, L'^} = 2ri^'^. The left invariance of the new forms in ( |2.7| ) 
requires new group parameters so that (c/. ( |2.5| )) 

nw.../.p = + i(cr'^i-'^f )^^0°n^ . (2.8) 

The superalgebra generator (LI vector field) .^^^...^p, corresponding to '^J^^^■■■^^p ^ is realized by Z^^^^^^^ = 
d / dip^^'"^p on the extended group manifold. 

At this stage there are no restrictions coming from the Jacobi identity, equivalent to d{(ni^^'"^p) = 
0, which follows trivially from dll" = 0. This is an alternative way of stating that the p-tensor- valued 
mapping on sTr £, ® sTr d , 

= ^to(CT'^i-/^p)^^^/3 ^ (2.9) 

satisfies trivially the two-cocycle condition 

i{e, e') + i{e + e\ e") = ^{0, o' + 0") + ^{0', 0") ■ (2.10) 

The symmetry of (CT'^1"^p)q,^ is needed to prevent the two-cocycle ( |2.9| ) from being trivial {i.e., a 
two-coboundary), since 7^(61)= e'^{CV^'^■■■^'p)ap0^ on sTr^, which might generate ^ through icob{0' , 0) = 
r]{0' -\- 0) — rj{0') — rj(0), is identically zero. Thus, ( p.9| ) defines a non-trivial extension. For a given 
spacetime dimension D, the symmetry condition restricts the rank of the tensors that are allowed in 
( p. 71 ). Hence, the problem of finding all central extensions of the algebra {Dq,,!)^} = (or of the 
Lie FDA ( p. 3D ) is reduced to finding a basis of the symmetric space II^" (8) n^-* in terms of tensors 
{CT^^^--->^p)ai3 symmetric in a, /3; they define the Lie algebra CE two-cocycles n"(CT'^i---^p)Q,/3n^. 

When D is even, the space of matrices with indices (a/3) is 2^-dimensional. Since 2^ = X^^q (^) ' 
a basis for this space is provided by the {2^ — 1) matrices given by the Lorentz tensors F'^^ "^'' of 
rank 1 < p < D plus the unit matrix. For D odd, the spinors have dimension 2*^^~^^/^ and, since 
2^~^ = X]p=o^^''^ (p)' ^ basis is provided by the {2^~^ — 1) matrices given by the tensors F'^^'"^*' of 
rank 1 <p< {D — l)/2 plus the unit matrix. The difference is a consequence of the fact that, for any 
D, 

p/.i.../.ppD+i ^ eMi...MDr^^^^ ..^^ , (2.11) 

^We adopt C = C_ for simplicity. By not considering C+V^C^^ = F^"^ we rule out, e.g., the pseudoMajorana spinors 
that exist for D = 8, 9 [mod 8] (see H). 



where r^+^ is the chirality matrix. For D odd, r^"*"^ oc 1, and only the tensors of rank < p < 
[D — l)/2 are linearly independent. 

For D even, CV^^-f^p satisfies (see e.g., |Q) 

(^pMi-./^p) =g(_l)(p-l)(p-2)/2((^pW.../.p)T ^ ^ = 0,1,... ,D -1 

r- ^ (2-12) 
e = -V2cos-m + 1) . 
4 

Thus, e=l (-1) for 15=2,4 (6,8) [mod 8] so that (CF'^i-^f is symmetric for p= 1,2 [mod 4] if 
L) = 2, 4 [mod 8] and for p = 3, 4 if D = 6, 8 [mod 8]. For D odd, it turns out that the same condition, 
g(_l)(p-i)(p-2)/2_-|^^ holds for D=3 [mod 4] with e = —V2cos We have excluded here (somewhat 

arbitrarily) the -D=5,9 cases because in these dimensions no C such that CT^C~^ = —T^'^ exists. 

The number of cohomology spaces H'^ {sTr d o Spin{l, D — 1)) for various sTtd groups is given in the 
table. As a two-form, the various CE two-cocycles are given by d9(CT^^'"^p)d9. The corresponding 
new generators .^^^...^^ are all central, as is itself. They are on the same footing and may thought 
of as generalised momenta. Each of the resulting extensions defines an extended superspace group; 
we will denote them generically by E. 

The table also includes the cases in which the spinor is Major ana- Weyl or complex (Dirac and 
Weyl). If the spinor is complex the independent tensors y^F'^^'^'^p may appear. The effect of consid- 
ering Weyl spinors is taken into account by introducing a chiral projector {V+, say). 

The different extended supersymmetry algebras can be easily found from the results in the table. 
We shall only give below two examples which contain formulae that will be explicitly used later on. To 
avoid cumbersome factorials, we use a normalization of the generators which is tantamount to defining 
the duality relations by U^'^■■■^'p{Z^,,„^^) = ^e^lzH^ so that n'^i-'^p(Cr^i-^pZ^^...^J = Cr^i- /^p. 

2.3 Applications 

2.3.1 N=l theory extended superspace 

For D even, the basic spinors in (2.1) may be reduced to 2^/^~^-dimensional Weyl spinors, and 



the discussion of the possible H^{s'Tid ° Spin{\,D — 1)) spaces must take this into account. Let 
D = 2 [mods] and let B"" be MW. The symmetry of {CT^'^■■■^'pV±)a(3 is now achieved if both CT^i -^p 
and cr^i-/^Pr^+i 

(or, on account of ( p.ll| ), CT^^'"^^-p) are symmetric . Hence, there are central 
charges for D = 2, p = 1 and D = 10, p = 1,5,9 (i.e., p=l [mod 4]). As a result, the D=10, N=l 
extended superspace algebra has the form 

{Dt, D+} = (cr^p+),^x^ + (cr^-'^^p+),^z^,...^, + {cv^^^-^'^v^uz^,,,,,, . (2.13) 

Due to V-\- and to ( p.ll| ), the first and last term in the r.h.s may be grouped into a single one, 
{CT^V+){Xfj, + Z^); classically, Z^ may be absorbed by redefining and the previous analysis shows 
that the vector-valued cohomology space is one-dimensional. The second term may be rewritten as 

(CrMi.../.5)^+ where is a self-dual 5-tensor [||], = ^(Z^,...^, +6^...^/«-^i°Z^,...^,J, 

with half the number of components of Z^j^^^^ fj^^. As a result, the degrees of freedom in eqn. ( |2.13| ) 
match: (2^) + 16 = 136 = 10 4- ^(5°) (see table). But in general Z^ cannot be reabsorbed, since the 
Green-Schwarz action for the heterotic superstring produces such a contribution to the algebra [ p^ , 
of an origin different from that of X^. Mathematically, this corresponds to the fact that the group 
parameters are different for X^ (translations x^) and Z^ {^^)', they are locally equivalent, much in 
the same way M ~ S*^ locally, but they are different globally. We may, however, achieve the symmetry 
under the exchange of Xg and Zg (say) when the 9-direction is a circle of radius R. Then the spectra 
of Xg and Zg are isomorphic under the T-duality exchange R ^ 1/R (see [Hsl, ) . 



The FDA form of the 15=10, A^=l superalgebra ( 2. IS ) is given by the MC relations 



dw = 0, dn^ = ^{crf')^pU''uf^ , dn'^^-'^s = ^(cr'^i-'^5)^^n"n^ , (2.14) 

where 11°, H'^ and H^i-'-A's ^re defined as (q = 1, . . . , 32) 

n" = p+dr , n'^ = dx^+^(CT^)«;3rn^ , n'^i-'^^ = d<^'^i-^5+^(cr'^i-^'')«/3rn^ . (2.15) 
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Some Lie algebra second cohom,ology groups for sTrjj (minimal spinors are in boldface), n is the complex dimension of a Dirac spinor, equal to the real dimension of 
Majorana spinors for D = 2, 3, 4 [mod 8]. The fourth column gives the dimension of the spinor indicated. The fifth and sixth column give the ranks for which (Cr^i "^p)a^ 
(or (Cr'^i - ''p'P+)c(^) are symmetric (as deduced from (2.12)) and the dimension of these Lorentz tensors; C itself is symmetric in £) = 6,7,8 [mod8]. The seventh and 
eigth columns do the same for the additional tensors (T^T^^---^") (T^r^^---^'''P+) appearing in the complex spinor case. These hermitian (adding i when needed) tensors 
are limited by duahty (eqn. (2.11)) in the odd (D = 7) case and to odd rank by the presence of V+ in the Weyl case. The | indicates halving due to self-duality. The 
number of real cohomology groups _ff^(sTr£) o Spinil. D — 1)) is given by the first number in the last column. These spaces arc the relevant (ie.tensorial) ones, once the 
Lorentz symmetry is considered since in this case sTrjj o Spin{l, D — 1) (rather than sTr^) is the group to be extended. The action a of Spin{l, D — 1) on the extension 
cocycles is automatically taken into account by using only Lorentz covariant objects for them. The bracketed number in the last column ignores the Lorentz part and, 
as a result, dimi/Q(sTr£)) = ('^) + n' since the elements of sTr^ are odd (for an ordinary n'-dimensional abelian group dimiJQ = ('2))- The number (^) + n' is given 
nevertheless since it serves as a check on the degrees of freedom: it is equal to the sum of the total real dimensions in the sixth and eigth columns. 



If is included separately, this introduces a further extension which requires adding a new LI form 

associated with it, 11^^'', dX^^^ = ^{Cr^V^)af3d6°'d6^ (we have written the index down for consistency 
with later notation, as in Sec. |5.1| ). At the group level this means that the MW translations generate 
two types of transformations i.e., one has to distinguish between the translations and the some 
of which may be compact, in which case the corresponding group law expression should be understood 
locally. 



2.3.2 IIA theory centrally extended superspace 

Let us consider now the iJ^(sTrio o 5'pm(l, 9), (IIA)) spaces. The IIA superalgebra is the D = W 
algebra associated with two 16-dimensional spinors of opposite chiralities which may be combined into 
a Majorana spinor. Then (see table), the IIA theory maximally extended algebra pM] is found to be 



+ {cr^Xf^z + {cr^^T^^f.z^ + {CT>''->'^T^XpZ^,,„^, , (2.16) 

since the tensor spaces {r'^i'"^*'} and {r'^i ' ^^^-pF^^} are isomorphic by eqn. ( ^.ll|) . Notice that 
and Zf^ belong to different cohomology classes (their corresponding two-cocycles are not cohomologous 
due to the presence of F^^ in the Z term). The associated IIA Lie FDA, involving the LI one- forms 
dual to the generators in ( 2.161) , is given by 

du°=o, dn^=i(CF^)„^n"n^, dn{;)=i(C7F^Fii)„;3n"n^ 

^nMi-M4 = i(CT'^i...M4rii)^^n"n^ , dn=i(CFii)<,^n"n^ . 

(2.17) 

The new group parameters define the IIA theory centrally extended superspace, parametrized by the 
coordinates {9°, x^',^p^',lp^'^^'^,lp^'^ ip''^-^'\ip). 

The IIB case with 11°* = V+dO"'^ {i = 1, 2) is treated similarly by noticing that the presence of eij 
allows for CF^i^^'^^'P^, which is skew-symmetric. 



3 Non-central extensions and their superspaces 

We start now from standard rigid superspace, eqns. (|2.3D , ( ^.4[) for real, odd translations. To keep the 
discussion as general as possible, we rescale II'', FL^^. .^^^ by an arbitrary dimensionless constant a^, so 
that (U), (13) become 

dn^ = a,(CT^),;3n"n'^ , dn^^...^, = ao(CT^,...^J„/3n"n^ . (3.1) 

Let us fix p and consider the resulting extended superspace, parametrized by (0", x^, (/j^j...^^), 
as our starting group manifold. We look for a non-trivial CE two-cocycle with p indices on the 
above extended superspace. This may now involve any of the LI forms available, 11^^,11°^ or FL^^ ..^^. 
Inspection of the possible Lorentz tensors shows that the external Lorentz indices of this two-cocycle 
have to be of the type (/ii . . . ^p^iai) and, hence, the only available LI two-forms are 

pS..M,-ia, = (CF.^i.../.,-,Win-n'3 , = (CT'^)/3ain,Mi...Mp-in^ • (3-2) 

For p = 1, both are closed. For p > 2, d(p^^^ + A2/0*-^^) = gives A2 = — provided^ 

00 

(CF'^)a/^/(CF,^^^...^p_ Jy^/ = , (3.3) 

which holds only for certain values of {D,p) |Q] (for p = 1, = 3, 4, 10 and, with the appropriate 
modifications for complex spinors, D = &). The existence of such a constraint, on both D and p. 

Primed indices are understood to be symmetrised (with unit weight). 



is a new feature — the non-triviality of ( |2.9D only restricted p. We introduce now a new one-form 
^^,^...^,p.^a^ with 



(for p = 1 the coefficient of the second term can be arbitrary, see Sec. |5.1D .P| The above MC equation 
implies that both and [D, Z^'^-^p] are modified by a term proportional to ^mi-'-Mp-i"!^ the 

latter being the only central generator at this stage (^''^^•••'^p-i"^ is central because, by construction, 
n^i...^p_ioi cannot appear at the r.h.s. of a MC equation expressing the differential of a LI form). This 
is a general feature of the extension scheme in this section: at any stage in the chain of extensions, 
the only central generator present is the last one introduced. Thus, each extension is central, but the 
resulting algebra/group is not a central extension of superspace: all generators but the last one have 
non-zero commutators as a consequence of the subsequent extensions. A second feature here is that 
successive extensions substitute one spinorial index for a vectorial one, preserving the total number of 
indices. The chain ends with the introduction of a generator with p spinorial indices. 

Repeating the above procedure, one finds that the next three extensions are in some sense excep- 
tional (see ( |3.5| ) below), while the one introducing five spinorial indices and all others after it follow 
a pattern which can be used to derive a recursion formula. Skipping the somewhat involved algebra 
(see Appendix A), we list first the results for the next three extensions 

d^lj,i...^p_2aia2 ~ "^2 I {C^i^pfii...fip-2)a;ia2^ -\ (CT )aia2^iypfii...fip-2^^ 

ClQ 



ai 



"-1 / 



dU 



Ati...Atp_4«i«203"4 — '^4 (^(CT ) a[a'2^iyppi...iJ.p-4a'^a'J^'' ^aia^ )a[l3^iypi...pp-4a'2a'ga'^ 



T/3 



(CT'^)aiaJ,n^Mi...Mp-4/34«in^) (3-5) 

(the Ofc's in the r.h.s. normalise the II's with k spinorial indices). For the remaining extensions, which 
introduce one-forms with five or more spinorial indices, one establishes the following recursion formula 

rfn^i...Atp_(fc+2)ai...afc+2 = a'fc+2|(CT )a[a'2^l^p^ll...pp^(^^^2)Ct'^■■■c'k+2^^ 

+Ar'^(CT'^)„,„,n,,,.„,^_^^^^^,„,...,,^n/5} , (3.6) 

where 

,(fc+2) _ as f 2 ^ k \ ,(fc+2)_ as k + l 

Notice that the above recursion starts at A; = 3, which implies p > 5. On the other hand, the maximum 
value of p (of interest to us) for which ( |3.3D holds true is = 5, i.e. ( |3.6D is relevant here only for 
k = 3, p = 5. It is easily checked that [llpi...pp_iai...ai 

1 = We give related explicit results, for 

p = 1,2, in Sec. |5|. 



For p = 1, the one- form in the l.h.s. of ( |3.4| ) becomes 11^ - notice that this is unrelated to D™ (so that e.g. dUc, 
is non-zero). In general, we will not raise or lower the Lorentz indices of forms, their position being used to distinguish 
between different types of them as in [[l9| . 



4 Structure of the new superspaces and Noether currents 



4.1 Fibre bundle structure 

All extended superspaces have a natural bundle structure, in which the basis is the group to be 
extended and the fibre is the group by which we extend. For instance, superspace S itself and the 



various extensions S in Sec. 2.2 may be considered as the total spaces of principal bundles over the 
sTV/j's of the specific theory. The two-forms which define the extensions are curvatures of invariant 
connections valued on the central algebras by which sTtd is extended. The D's are then the horizontal 
lifts of the vector fields on the specific base manifold sTr^j; this justifies the 'covariant derivative' 
name which may be given to the D's in the algebra of the S's. Similar considerations apply at any 
step in the chain of extensions in Sec. From this point of view, after the last step, one has a bundle 
structure with the last coordinate in the fibre and all the rest in the base. As we show below, there is 
also another relevant bundle structure with T, in the base and all new coordinates in the fibre. 

Let us now discuss the general case treated in Sec. |3|. S is parametrised by the coordinates 
{0",x^,ip^j^,,,fj_j^,(p^j^,,,f^p_-i^ai, ■ ■ ■ ,fai...ap)- We will denote them collectively by the row vector cp = 
where z parametrizes the base (superspace S) and (p the fibre (the space of all new coordi- 
nates). Referring to this block form, we will say that the superspace part is 'two-dimensional' while 
the fibre part has 'dimension' p + 1. The LI one-forms that reduce to the differentials of these coor- 
dinates at the identity will be denoted by H = {H"" , Qa) and the dual LI vector fields by the column 
vector Z = {Da , Y^Y (t denotes matrix transposition). The corresponding RI objects will carry an 
additional hat. 

Under a right group transformation, g — > gg' , Z transforms like Z T'^Z, T' being a matrix of 
(primed) functions on the group, called the adjoint representation. It holds 

T" = T'T , Z-Tl = p^^{Z) , (4.1) 

yOg^(jj(Z) being the adjoint representation of Z, given by the structure constants. Inspection of the 
MC equations then reveals that T is a lower triangular matrix with units along the diagonal. We put 
accordingly 

T'-iiz\ , ■ ^ ( -K^r ) (4.2) 



^ B J ' ^ ' \ B 

with A, B upper triangular matrices. The dimensions of A, B, C (in block form) are 2 x 2, (p-|- 1) x 
{p + 1), 2 X {p + 1) respectively. (|4.2|) shows that the fibre is a subgroup, with adjoint representation 
given by B^. In this notation, the LI vector fields transform like 



D \ f A' D + C'Y 
Y I ^ \ B'Y 



(4.3) 



The LI forms similarly transform according to 11 ^ n(T'*) ^, i.e. 

{H, e)^{HA'~^, -H A'-^C'B'-^ + QB'-^ ) . (4.4) 
For the RI objects it holds Z = (r*)"^ Z, fl = HT* i.e. 

^) = (^"'^"^5^^^"'^) , {H, @) = {HA, HC + QB) . (4.5) 

The Lie algebra valued one-form oj = QY serves as a connection in the bundle. Indeed, one easily 



verifies that oj is invariant under ([4.3|), (4.4) when T is restricted to the subgroup of the fibre {A = /, 



C = 0). The horizontal subspace is spanned by the kernel of cj, i.e. by the components of D, the 
latter being the horizontal lifts of the standard superspace generators Da = ggW, = -|- 

2 (C'r^)Q,/j0''^ . 

In later applications, in section ^, the explicit form of the matrix B~^ is needed - we present here 
a few remarks that facilitate its computation. Inspection of the r.h.s. of the MC equations for the new 
one-forms, in section 0, shows that they always contain one new one-form, multiplied by a 11° or II'^. 



For the dual Lie algebra this implies that the new generators commute among themselves and only 
have, in general, non-zero commutators with the superspace generators D^, X^. In other words, the 
group by which we extend S is abelian (to begin with) and its generators acquire, as a result of the 
extension, non-zero commutators only with the superspace generators. The structure of the resulting 
Lie algebra is, in symbolic form, 

[D,D]r^D + Y , [D,Y]r^Y , [Y, Y] = , (4.6) 

in the notation introduced earlier. For T, the expression 

is well known. From the third of ( [4.6D though, we infer that the restriction of padj (X) to the fibre (i.e. 

Sf) 

adj 

_g ^ Padj i^'^r = Padj (^'^r+^'' Padj (^i^r ^ (-4^8) 



to the sub-block corresponding to B^) is zero. Denoting this sub-block by p^J- (Y) we find for B 



where the matrices p)^Jj (Da) are given by the structure constants that appear in (the explicit form of) 
the second of ( |4.6| ). The interesting point here is that B depends on {9,x) only - the new variables 
enter in T only through A, C. 

4.2 Invariant actions for the minimal branescan 

As already mentioned, part of the motivation for studying superspace extensions comes from their 
relevance in the construction of manifestly invariant p-brane actions. For the branes of the old 
branescan, WZ terms on S have the form 

Swz= [ dP+'^Cwz = x[ (t^*{h) , (4.9) 
JW Jw 

where b is definedf^ as the potential of the closed {p + 2)-form h on superspace 

/i = (CT^,...^,)a/3n'^^...n^''n-n/5 , db = h . (4.io) 



W in ( |4.9| ) is the {p + 1) -dimensional worldvolume swept out by the p-brane, parametrized by {^*} = 
(r, cr^, . . . , aP),i = 0, 1 ... p and (j)* is the pullback of the embedding ^ : — > S. The constant A is 
fixed by the requirement of K-invariance of the total action |||] (we will ignore A henceforth). As is 
well known [l| (see also [Q] ) , the closure of h is equivalent to the condition ( p. 3D which we have seen to 
guarantee the existence of the non-central extensions of Sec. ^ Using the new LI one-forms available 
we may obtain a LI potential b for /i on S. Its general form is 

p 

6 = J^n^,...^^_,„,.„„,,(fefcn'^'---n'^''-'n"i...n°'=) = ecA^ , (4.ii) 

fc=0 

where the last equation uses the notation of the previous section and defines A*^. The b^'s are numerical 
constants, determined by the second eqn. in (|4TC| ). We check that [b] = 1^+21^-^12 = LP+K 



We compute now the explicit form for an invariant Cwz in ( [4. 91 ) {i.e., with b instead of b). For a 
general one-form 11 we put (/>*(n) = Iljd^*, so that 

nf = 5ir, uf = dix>' + as{CT^')^p9''die^ . (4.12) 

Eqns. ( 4.11| ) and ( [4.9[ ) give for the Lagrangian 

Cwz = &c^^'^' , (4.13) 
where, expanding multi-indices and using the above notation, 

" h ' ' ' jp-k jp-k+l ' ' ' jp ' \ ■ J 



•'For an explicit form of the quasi-invariant 6 on E see 



4.3 Noether currents for the new symmetries 



The invariance under translations of the action of the supersymmetric objects implies the existence of 
conserved currents. The integrals of the charge densities over a spacelike section of the world volume 
give constants of the motion for the p-brane. When the action contains the standard WZ term b, 
the Noether current includes a term A coming from the quasi-invariance of b, 6b = dA. This was 
used in |jl2| to find topological extensions of the supersymmetry algebra. When b is replaced by the 
invariant b in ( [4.11 ), A is no longer present. However, the Noether current receives now a contribution 



from the additional fields (/>*((/?yi), which leads to the same result. 

One can derive general expressions for the currents associated with the new generators. In the 
present case, where the relevant part of the Lagrangian is obtained by pulling back to W forms 
initially defined on S, it is convenient to work on the extended superspace, where quantities have a 
direct geometrical interpretation, and to pull the result back to W at the end. To keep the discussion 
general, consider a manifold M which can serve as worldvolume and a target space A^, of dimensions 
m, n respectively (m < n) and an embedding (p oi M into N, (p : x y{x) where {x*} {{y-'}) are local 
coordinates on M (N). Consider furthermore an action S given by 



S= / r(«) , (4.15) 
Jm 

where a is a A:-form on and (p* is the pullback map associated with the embedding. We assume 
that the submanifolds = x^^^^, = x^^^ of M form its boundary dM - their embeddings in N are 
the initial and final configuration respectively. The equations of motion are 



5yS = / 0*(Lya) = , (4.16) 

JM 

where Y is an arbitrary vector field on which vanishes on <j){dM) - we denote their solutions 
generically by (pel- Proceeding along the lines of the standard derivation, with inner derivations taking 
up the role of the partials , one finds the equations of motion in the form 

0*(iy(ia) = O , (4.17) 

where now Y is an arbitrary vector field, not necessarily vanishing on dM. For a symmetry generated 
by Yq one obtains 

d {Pli{J{Yo))) = , J(y„) = iy^a , (4.18) 

which is the current conservation equation. For a quasi-invariant Lagrangian, p*{LYf^a) = p*{dA), 
the conserved current picks up a term in A, (P*{J(^Yq)) = </'*(^yo'^ ~ 

In the present case, (M, N, a) correspond to {W, S, b). The variation of the total action from that 
of the new coordinates comes only from Cwz so that ( [4. 17]) gives 

= p*{iYdb) = p*{iYh) , (4.19) 

where Y is an arbitrary vector field along the fibre. Since h is horizontal, the above equations of 
motion obtained from variations of the (/J^'s, are satisfied trivially, consistent with the appearence 
of the (/^a's in the Lagrangian through exact differentials. For the Noether currents associated to 



translations along the new coordinates we have Yq Y^ and ( |4l8| ) gives 

d[<Pd{J^))=^ , J^ = iYAb . (4.20) 



With b as in ( pi] ) and = {B-^j^^Y'^ (see (|4j)), the second of ( ^ ) gives for 

= {B-Y^iYuUcA'' = {B-Yc^'' , (4.21) 

since Iyd 

Jlc = 5^c- Notice that is, in this form on S (rather than S). Effecting explicitly 

the pullback in the first of (|]2^) we find0 

a,/^ = , /XO^(^"')^c(e)A^*(0 . (4.22) 
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Eqn. (i.22) for j ' also follows from the standard expression for the current associated with an 'internal' symmetry 



of a Lagrangian £, j^^ = S^ip(£P a'^vH) • However, for the currents considered here the relevant part of C is just Cwz- 
Since Cwz is obtained from a form on E, the above derivation allows us to exploit the geometry of E. The above 
expression for the current also makes clear that, within the canonical formalism, the integrated charge operators will 
reproduce the original symmetry algebra. 



Finally, the conserved charges Q are given by (expanding multi-indices) 



r ^ 



m=0 

(4.23) 

where VF-r is a hypersurface of constant r. Notice that since B = B{9, x), the integrand above involves 
only superspace variables. 



5 Applications: p=l,2 

5.1 D=10, N=l and the Green— Schwarz superstring 

The case of the superstring is somewhat special, from the point of view of the extension algorithm of 
Sec. |3|: the first additional generator to be introduced, Z^, is a vector, as X^. We shall keep it here 
separate and denote by (p^ the associated parameter. Fixing (0^,00, ai) = (^,^,1) in (3.1),(^^), we 
find for the FDAQ 

dn" = 0, dii'' = i(cr/^)„;3n"n'3. 



where /i = 0, . . . ,9. Notice that d{dlla) = is implied by (3^) for p = 1, (Cr^)Q/^/(Cr^)y5/ = 0. 



^ in the above equation is the one obtained from the second of ( |3.1| ) for p = 1 - we have added a 
superscript to avoid any confusion with 11'^, sinc6 tlicy h.a,vG similar differentials 5 recall also that IIq, 
and n*^ are unrelated. As mentioned in Sec. |, the two terms in the r.h.s. of the last of ( |5.1| 



are 



individually closed and hence their relative normalization cannot be fixed by requiring d{dlla) = 0. 
We have nevertheless chosen the above symmetric normalization for convenience - the results that 
follow, and in particular ( ^.12| ) that involves cancellations, do not depend essentially on this choice. 
The corresponding Lie algebra is given by 

{D^, Dp} = {CT^)^f,X^+{Crf,)^pZ^ , [D^,X^] = {CT^)^pZ^ , [Z)„, z^] = (cr^)^/?^^ , 

(5.2) 

which reduces to the Green algebra [|l3| if one omits Z^. The associated group manifold (extended 
superspace) S is parametrized by {6°^ ,Lp^,ipa) via 

<7(r , x^ v'^, ^„) = e^'^^.+-''^M+^M^''+^.^" . (5.3) 



Making use of the Baker-Cambell-Hausdorff (BCH) formula, where, for the algebra (|5.2| ), terms of 
order four and higher vanish, we find the S group law 



2 



(5.4) 



The bilinear terms in the expression for ip'^ are the ones that give rise to the fourth of the MC 
equations (^]^) — the trilinear terms are required by the associativity of the group law. Their sum 
gives the spinor valued two-cocycle associated with the central extension of S(0", x'^, (/7^) by 99^. 



12t 



In Sec. 5.1 all spinors are Majorana-Weyl {6°' = {V+O)", etc.). 



One can now relate the LI one-forms to the coordinate differentials 

n« = dip. 



(5.5) 



+ \{CT^)^px^'de^ + \{CT^')c.p'f^de'' 

(see also |20l although, omitting n^^\ we disagree with the corresponding expressions there). One 
may check that the LI forms in (|5.5| ) satisfy the FDA ( |5.lD . From the group composition law, one can 



compute the LI vector fields dual to ( p^ ) satisfying (|5 



a^ + -(CT^),^e^a° 



a" (note 



d 



d . 

dipa' 



(5.6) 



Effecting a right group translation in ( |5.5| ) and reexpressing the result in terms of the II's, or computing 
the exponential in (4.7), one finds for (T*)^^ 



(T* 



1 _ 


/ <5/ 








(CrA)^^a;^ + {CT'')^p^, + (crA)^5(cr^)^,f 
-(cr,)^^^^ 








^ 









-(cr'')^^^* 
<5S 


y 



(5.7) 



(the matrix indices are ■yu^'^ for the rows and ^ ^ ^ p for the columns). When eqns. ( |5.4| ) are 
linearized in the primed variables (viewed as the parameters of the transformation), they provide 
a realization of the algebra (5^), acting on the coordinate (unprimed) variables. For our particular 
choice of parametrization (5.3), this action is rendered non-linear by the last term in the expression for 
This term can be eliminated by modifying the two-cocycle by a two-coboundary, the latter being 
generated by a suitable spinor-valued function r]a on S(0", x^ , if^). Indeed, with t/q = ^{CV ^)ai3X 
l{CT^')a(}ip^9'^ we find for the coboundary ia^{g',g) = r]aig'g) - rjaig') - r]aig), the expression 



ccob 



/:Cob 
Sa 



The new cocycle $,a = + £,a modifies the last eqn. in (|5.4D to read 



(5.8) 



<^'„ + + {cr^ui'^e'fx'^ - y^^ef) + (cr^)„/3(| 



(5.9) 



which is linear in the unprimed variables although the definite symmetry properties under exchange 
of primed and unprimed variables are now lost. The terms in ( ^.91 ) linear in the primed coordinates 
agree (omitting ip^) with the (first-order) results of [pO| ], where the (equivalent) coordinate redefinition 
— > = -|- r]a is given. For the LI one-form associated with the new coordinate we find 



n 



difc 



'-{CT^)af,e('dx^ - -{cr^ 



+ 



\ UcT^)apx>^ + (cr^)a/3V'M + {CT^U{CT>^)p^e^e') do" . 



(5.10) 



The manifestly invariant WZ term for the superstring action is given by 



Swz= [ <P*{b)= [ ,/.*(n(r)n'^ + Vn") , 

Jw Jw ^ 



(5.11) 



which differs from the one in |^3[ by the term in n^'''^n^'. It is immediately checked, using (5.1), 
(U), that dh = db = (Cr^)„^n^n"n^ and hence that (j)*(b) and the standard WZ term (j)*{b) are 



equivalent, differing only by an exact differential. Since the string tension T has dimensions [T]=Af L ^ 
and [n|f^]=L, [n„]=L3/2^ the products Tn^n", Tli^^f^'m, have the dimensions ML of an action. 

To compute the conserved Noether currents, we start from ([4 .211 ) which gives the closed forms 
on S. With B given by the lower right block of {T*)-^ (see (|5.7D , (^ ) we get 



(5.12) 



\d6<^ ^ 



which, after pulling back on the worldvolume, gives for the charge (see (|]2|)) 



2-K Q^i, 

da 



(5.13) 



/o 

being zero because we assume that 9 is periodic in a. The integral (5.13) may lead to a non-zero 



result if the topology is nontrivial |12] 



5.2 D = 11 and the case of the super membrane 

Our starting point is the FDA of Sec. |3| with p = 2. We fix the normalisation of the forms by setting 
(os, ao, ai, 02) = (|, |, 1, — |) so that the dual Lie algebra becomes 



— {CV^y)afiZ^^ 

{CT^,^)ai3Z 

1 

2^ 

icr^nafsZ"^^ 

{\{Cnys6^, + 2{Cn,a6f)Z^' , 



a/3 

dl^iCT-^UZ^" 



(5.14) 



coinciding with that given in ||l^ . The associated extended superspace group manifold is parametrized 
by the coordinates (0", x'^, (p^,^, ^p^a-, fa/s) via^^ 



9 



(5.15) 



where (Pfj^u, Vap are antisymmetric and symmetric, respectively, in their indices. Application (with 
the help of FORM) of the BCH formula, where now terms of order five and higher vanish, results in 
the following group law 



-II 



x^' + x'^ - 1/2 r^' (Cr'^)a2a3 

^^r^. + <^m/.2 - 1/2 (Cr^,^,)a3a4 

1/2 r^' (cr'^^ 



(5.16) 
(5.17) 
(5.18) 



-1/2 {CT^, 

+1/12 r^' r^' {ct^'')o.,o., {ct^,^,) 



0405 



'We use a parametrization difFerent from the one in 



+1/12 r3 (CT^^)a4a5 (CT^iM6)a3a2 ± ((1) (2)) (5.19) 

~l~l/2 (C'r/i3^4 )aia2 ■^'^^ 

+ 1/6 (CT'^^)„3ai (CT«)„,„, V'^,^, 

+ 1/6 0"'' (Cr'^^)Q,3Q,j^ (CT^g^g )q,4Q,2 X'^^ 

-1/24 r^' r^' r« (cr^n^sai (cr^')a4ae (cr^r/.8)«5a2 
-1/24 r^' r^' r« (cr^0«3«i (cr^')a5a2 {cv^,^,)^,^, 
-1/24 r^' (cr^^)«,«2 {cv^'Uc, v,,,, 
+1/48 r^' {CT^^'Uc, (CT^5«)«3«4 
-1/6 r^' (CT'^^)a3ai (CT'^«)a4a2 </';,;.6 

— 1/6 O"'^ 6°"^ {CT^^)ao,a\ {CV ^r^^g)a4a2 

+1/48 r^' (cr^^)«3a4 (cr'^^)ai«2 v^^s^e 
+1/12 r^' (cr'^s)a3«4 {ct^,^,u^, x^^' 

-1/8 (^^,,3 (Cr^^)„,„2 ± ((1) (2)) (5.20) 

(in the expression for ^aia2^ the r.h.s. is assumed to be symmetrised, with unit weight, in ai, 02). 
The ±((1) <-> (2)) instruction in the last two expressions means that for each term displayed, one 
has to add (subtract) a similar term, with the primed and unprimed variables exchanged (taking into 
account statistics), if the order of the term is odd (even) in the coordinates {e.g. 0'"(/3^/3± ((1) (2)) = 
^'"ffj.f3 ~ i~f'f_ip^"))- This symmetry property can be seen to hold in general: from the BCH formula 
gA _ ,A) follows that f{—A, —A')=—f(A', A) and hence, terms of order n in the coordinates 
are symmetric (n odd) or antisymmetric (n even) under the above exchange of the two spaces. The 
linearized (in the primed variables) form of the previous expressions has been given in |2C]. Starting 
from ( ^.20D , we find for the LI vector fields of ( |5.14| ) 

Dai — dai + 1/12 9 9 ^ ((Cr'^ )a2Cib (^-^A'6/i4 )a3ai ~^ (^-^/i4At6 )c*2C*5 (CT'^ )a'j,a\) 
+ 1/12^2 (^^3^^ iiCT'^'Ua, {Cr>^')a,a, + {Cr>^')a,a, (Cr^^)a2ai) ^"^"^ 
1/3 9 ^ X^^ {^^^^^a2a5 (C'r^3^_j)QgQj d ^ ^ 

+ 1/8 x^3 {CT^'^)^^ae (Cr^3/^4)a2«i 5"^"^ 

+1/2 (cr'^3),2ai Of,, 

— 1/2 X^^ (C'r/i2M3 )cn"4 * 
-1/2 ip^^^^ {CT^^Ua, d^^'^^ 
+ 1/8 95;.2a, (CT'^^)a3«4 

+99^^,3 (cr^^)„,„, (5.21) 

■^m — dfii ~ 1/6 9°^^ 9°^^ (Cr'^'')o205 (CT^j^ ^4)0203 0°'^"^ 

+1/2 (CT^,;.3)«2a4 s'^^"* 

+ 1/2 X^ (^-^A'ZMl )'^3'^4 ^ 

-1/4 ip^^^^ {Cr'^')a,a, 5"^"^ (5.22) 



^ 9^1/^2 + 1/12 (CT'^i)^^^^ (C7r'^2)„,„g 

-1/12 ^4 {CV^'Ua, {CT''')a,a, 5"^"^ 

+1/4 (cr^i)„3„, a'^2a4 

-1/4 (CT'^^)^^^^ ^/.i"4 

+1/4 x'^i (Cr'^2)„3„4 (5.23) 

Zf^l<^2 ^ QM1"2 + ^"2 (Cr''l)^3^^ 5"3«4 +^"3 (CT^l)^^^^ a°4Q2 (5 24) 



(5.25) 



(antisymmetrisation with unit weight in fii, ^2 is understood in the r.h.s. of the expression for Z^'^^^). 
The manifestly invariant WZ term on the extended superspace S is given by O] 



15' 



(5.26) 



{[b]=L'^, [Tb]=ML). It depends on the additional ip variables through total differentials since db = 

db = h = {CT^^)^f^^^'U''U''^^. 

The computation of the full T matrix for the supermembrane is rather tedious. For the Noether 
currents though (corresponding to the new variables) we only need B~^. Reading off the relevant 
structure constants from ( |5.14|) , we find 



(crt'^i 



Padj \^PJ 



















Using these in the exponential in ([4.8|) we get for B^^ 



(5.27) 



b^r^ 



(5.28) 



(the external indices are ^'^^'^ ^^"-^ ^^"^^ for the rows and ^31^2 K202 fiiii the columns). Substituting 
now in ( 4.21| ) we find for the forms on S 



1^1 



15 



15 



d[ -dx'^iri 
5 



J Pill 



-—de/^^de^^ = d(-—e^^d9^^ 

15 15 



(5.29) 



The above locally exact expressions result from rather non-trivial cancellations. The currents are 
obtained by pulhng back to W the forms (|5.2g| ). For periodic ^'s the charges Q'^^"^ Ql^'^'^'^ (but not 
QMi^^i for a non-trivial two-cycle ||l2|) turn out to be zero. Thus, this case provides a realization of 
the algebra ( ^.14| ) where only the Q^^'^^ term is non-zero. 



6 The case of D-branes 

Let us consider first a bosonic background for which all forms of the R(8)R sector and the dilaton 
vanish so that the two-form = F — B, where F=dA and B is the NS(8)NS two-form, reduces to F] 
A is the Born-Infeld one-form on the worldvolume A{^) = Ai{^)d^^ . Then the action of the Dp-brane 
reduces to 

1 = j dp+iey^d^t(^^^!^^9j^i^7^ . (6.1) 

Let us look for a manifestly supersymmetric generalisation of this action on a suitable extension of 
flat superspace (we shall consider here only D = 10, IIA D-branes). For the ordinary p-branes the 



supersymmetrisation is achieved by substituting first U'^ for diX^ and then by adding a WZ term b, 
db = h, with h characterised by being a non-trivial CE cohomology {p + 2)-cocycle on superspace 
S. It was shown in the previous sections how to make these WZ terms manifestly invariant. We 
shall extend this to the Dp-branes case by showing first that the WZ terms may be characterised and 
classified by CE-cocycles as well, and then by finding manifestly supersymmetric potentials b on the 
superspaces S which are obtained by the techniques of Sec. ^ or by dimensional reduction from these. 
We shall restrict ourselves here to the D2-brane case, and hence to its associated S parametrised by 

(6*°, X^, ipfj,, ipa, (Pfj.u, <f,ia,<faf3, <f)- 



6.1 CE-cocycle classification of D-branes 

The new feature in the Dp-brane case is the field Ai{S^) directly defined on the worldvolume. The 
one- form A transforms under supersymmetry in such a way that J- = dA — B is invariant, where B is 
a two-form on superspace such that 



dB = -n^(cr^rn)„^n"n 



(6.2) 



Let us now consider A as an abstract form. In our approach, the possible WZ terms will be some 
non-trivial {p + 2)-cocycles of the cohomology of a certain FDA (here, of IIA type). This FDA is 
generated by the supersymmetric invariant 11°, 11^ and J- and defined by the structure relations 



dn" = , dw = ^ (C7r'^)„^n"n^ 



d.F = n'^(cr^rn),^n"n' 



aTT/3 



(6.3) 



Note that dd = because the identity {CT>^Tii)aif3'{CT^)si^i = is valid in D = 10. The non-trivial 
(p-|-2)-cocycles are given by closed (p-|-2)-forms h constructed from 11^, 11", that cannot be written 
as the differential of a {p+ l)-form constructed from them, and with the same dimensions as the kinetic 
Lagrangian, i.e. [h] = L^^^. This second requirement is necessary to avoid introducing dimensionful 
constants in the action other than the tension, [T]=ML~p. 

Since J- is a two-form, h can be expanded in powers of as 



[E+2 



„ n! 



(6.4) 



n=0 



where h^'^^ is a form of order k = p + 2 — 2n and, since D = 10, p < 8 excluding the degenerate case 
p + l = W. Moreover, since [/i(p+2-2n)] ^ ^p+i-2n^ /c-forms h^^\ [h^''^] = L^'^ , must be 



k 



(6.5) 



where F = 1 or Fn so that (CF^j.,,^j._2F)q,^ is symmetric (i.e, k — 2 = 1,2,5,6,9,10 for 1 and 
0,1,4,5,8,9 for Fn). Since 



\P±2 



I P+2 



dh 



n! f (n — 1)! 



(6.6) 



(6.7) 



n=o - n=l("-l) 
the required closure of h is equivalent to the following set of equations 

^/j(p-2[p/2]) forn- 2 

^/j(p+2-2n) ^ (_l)P/i(p-2n)n/^(C'p^^p^^)^^n°n^ = , forn = [2] , . . . , . 

At this point it is convenient to examine separately the p odd and p even cases. 
a) p even 

The first eqn. in (6^) gives = 0. This means h^^^ = because h^^^ ^ would imply by 

( |6.4D having an additional dimensionful constant, [h^^^] = L^^ {[J^] = L^). For n = | the second 



of ( |6.7D gives d/i^^) = 0. Inserting h^'^^ from eq. ( |6.5| ), we obtain an identity, so a^^^ is arbitrary.)^ The 
remaining equations (for n = etc.) are equivalent, by factoring out products of forms 11'^ and 
n", to 



Note that the number of identities from (6.8) that are necessary to show that h is closed depends on 
the values of p since 2 < k < p + 2, k even. Specifically, for the D2-brane only the first identity is used, 
for the D4-brane the first two identities are relevant and the first three (four) identities are required 
for the existence of the D6-(D8-)branes. 

Equations ( |6.8| ) have to be identically satisfied for certain values of the a's to be determined. 
To find them, one may multiply the equations by {r'^C~^)^^ (although the resulting system is not 
equivalent to the original one). This procedure gives some equalities between gamma matrices that 
are only satisfied if a^^) = -a^^), a^^) = -Qa^^\ a^^) = -15a(^) and a^^) = -28a(^°). These values 
are the solution of eqs. ( |6.8D and determine closed forms h by (|6.4| ), (|6.5| ) provided that the following 
identities are satisfied 

(CT'^'')Q,'/3'(cr^j...^^rii)5/e' + 3(CT[^^^2)a'/3'(C'r^3]rii)<5'e' = o 

(CT^s)Q,/^/(CT^^...^g)5/e' + 5(CT[^^, ^^rii)Q,/^/(CT^j.]rii)5/f/ = 

(Cr^«),,^,(CT^,,..^3rn)5'.' + 7(Cr[^^.„^J„,^,(CT^,]rn)5'e' = O, (6.9) 

as it is indeed the case (see Appendix B). Therefore we have shown that, for p even, there exist closed 
{p + 2)-forms h with the required dimensions for all even values of p < 8. 

To prove that the /I's obtained from eq. (|6.5| ) for the appropriate values of a^'^-' are not CE-trivial, 
it is sufficient to note that if there were a potential form 6(11^,11",^), dh = h, then this form would 
be a Lorentz-invariant {p+ l)-form with physical dimensions LP~^^, which does not exist for p+1 < 10 
since p is even. 

b) p odd 

In this case, the first eqn. in ( |6.7| ) gives gain, this means h^^^ = because obviously 

there are no Lorentz-scalar one- forms that can be constructed from II'^, 11" and On the other 
hand, k in h^''^ has now the range 3 < k < p + 2, k odd. Of these /i^'^^ those corresponding to k = 5 
and A: = 9 vanish independently of the type of the matrix T (see table). This leaves us with h^^^ and 
h^'^^ and the second of ( |6.7D leads to 

a(3)(CT'^i),,^,(Cr^^r)5,,, = 0, a(3)(CT[^^r),,^,(CT^,]rn)5,,, = 

(6.10) 

a^''HCT''na'p'{CT^„„^^T)s',' = 0, a'^''\CT[^^,„^^T)^,p,{CT^^fii)s',' = 0. 

In the o*-^^ equations, F has to be Fn (the other possibility, I32, may be shown to be inconsistent 
by multiplying the second expression by (VC-^)'^^). Muhiplying the fourth equation by [VC-^y^ 
shows that a'-''^ = for both F=l, Fn. Thus we have shown that the only candidate for a WZ term 
in the odd p case is obtained from h^^^ i.e., from 

= n^(CT^Fn)„/3n"n^.F'^ , p>i . (6.11) 

But then h = d^^^J-'^^^^^^'^) by ( |6.3D , and hence is a trivial CE cocycle. Therefore in the D = 10, 
IIA theory there are no non-trivial WZ terms for the D-branes with p odd. The other values for p 
found in our discussion are precisely those for which D-branes of type IIA are known to exist. Thus 
the IIA D-branes are, as the scalar p-branes [0], characterized by non-trivial CE cocycles. 



We note in passing that in the heterotic case, for which TV = 1 (n" is MW), a'-^'> = because (CTiOc^fn^n" = 
since (Tw)" = 11°'. So the chain of equations that follows does not appear and there are no non-trivial 
WZ terms. This shows, as expected, that there are no D-branes in the heterotic case. 



6.2 D-branes defined on extended superspace 



As we saw, one reason for considering superspace extensions associated with extended objects is that it 
is possible to find on S manifestly invariant WZ terms since then h may be expressed as the differential 
of a LI form b. We shall now show that this is also possible for the D2-brane. The starting point is 
now the FDA given in eq. ( |2.17| ) with the generators with more than two vector indices absent, plus 
the equation for dJ^ i.e. 

du^, = i(cr^,)„^n"n'3 (6.12) 



dU 



i(crn)a/3n"n^ 



The reason one should start from ( |6.12| ) is that the dual of the algebra defined by the first five 
equations is the one obtained when one computes the algebra of the Noether charges associated with 
the supertranslations in the case of the type IIA D2-brane (see p8| ). 

The next step, as was done in Sec. ^ is extending this algebra with the generators obtained 
by replacing vector indices by spinorial ones. In the case of the D2-brane this is not difficult to do 
because, apart from the equation for dJ-, the free differential algebra one starts with is actually the 
dimensional reduction of the 11-dimensional one 

= n), n^p = (n^.,n^io = n^"^^ 

already been extended recursively in Sec. I by the new one- forms 11^^ and Ha/B, the extended algebra 

(z) 

in Z? = 10 is simply its dimensional reduction, for which II^q = (n^cf,!!^ ). The result is given by 
eqs. ( |6.12 ) plus 



(6.13) 



in which one sets = {U^',U^^^ = H), H^p = (n^^,n^io = U]^'). Since this D = 11 algebra has 



dU 



al3 



-^(CT^.)a/3nm- - (CT^TiOa/^n'^n - l(cr^)„^n^,n- 
+ i(crn)„/3n(f)n'^ - ^(cr^)«^n(f)n + i(cr^),^n^5n^ 



(6.14) 



which, apart from the dJ^ equation, corresponds to the dimensional reduction of ( ^.141 ) (with Z'^ 
2^MiO) 



{Da, Dp} 
[X^,Da] 



(cr^)„^x^ + (cr^,),^z^'^ + {CTii)^pZ + (cr^rn),^z^ 



x^, z 



{Z,Z^\ 

{Da,Z^^\ 
\Da,Z^\ 

{Da,Z''^] 
{Da,Z^} 



-{CT^^^)^pZ'"' - 

{CUiT^)apZ^^' 

{CV^apZ'^f' 

(CTiir^)Q,/jZ 



Z^ 



'apZ'^^ 



2 

\5''^{CT,rUZ^P 

-^(cr^^^z"^ 

-{CT^iUZ''^ + {CT^^UZ^ 
{\{CT'^U€ + '^{CTn,a5l)Z^' 

(^(CTn)^5<5f + 2(C7rn)^a5f)Z^' 



(6.15) 



We can now show, using the new forms in (6.14), that it is possible to find an invariant WZ term b, 
h = db, on the extended superspace. In our case h is given by (eqs. ( |6.40 , (|6.5|); k = 2,4) 

= (cr^.)a/3n'^n^n"n^ - (CTn)„/3n"n^.F . (e.ie) 

Again, it is possible to expand 5 as 6 = b^^^ + b^^^J^. Using this expression in h = db, and identifying 
the result with h, yields db^'^^ = -{CTn)apU"'U^ , fr om which follows that b^^^ = —211. Similarly, 

d6(3) = -2(CT^rn)a/3nn'^n"n^ + (cr^,)„^n'^n^n"n^ = (CT^i>),^n'^n'^n"n^ (6.i7) 

where in the last equality we have rewritten the expression using the eleven-dimensional notation. 
This has the advantage that the expression for b^^^ in = 11 was given in ( 5.26| ), 

6(3) = ^n^-n/^n^ - ^n,^n"n^ - ^n^^n^^n- . (e.is) 

Reducing (|1|) to D = W and adding b^^^T = -2UT we find the invariant WZ term, 

6 = ^n^.n^n'^ + ^n(f)n^n - ^n„^n"n^ - ^n^^n'^n" - ^n(f)nn" - 2n.F . (6.19) 

This shows that on the extended superspace corresponding to eqs. ( 6.12| ) and (6.14), the WZ term of 
the type IIA D2-brane can be made invariant, as was the case for the ordinary p-branes. We expect 
that this result holds for the other values of p. 

In contrast with the case of ordinary p-branes, the extended free differential algebra is not the dual 
of a Lie algebra because of the equation for the two- form dj^. However, it is easy to check that 

d(^n°ni^) - n^n(f)) = (cr^rn)„^n'^n"n^ (6.20) 

so that, on the extended superspace, we may set 



= -n"n(f ) - n^njf) , (6.21) 



in accordance with ( 6.12 ), ( |6.14 ). This is not a surprising fact since from ( |6.12D we see that dj^ is 
equal to the h corresponding to the WZ term of the type IIA superstring on a flat background. So it 
has to be possible to write it as the differential of an invariant form b = 6(11'^, 11", n^^\ Ha ^) on the 
fully extended superspace S of the IIA superstring. Since = dA — B and B is defined on S, dA 
may be written on S. Making use of its LI forms i.e., of 

n" = dr, w = dx^' + ]^{CT^')^p9''de^ 

n(f) = d^^ + \{CT^Tii)^pe''deP , n(f) = d^^. - {CT^Tii)^pdx^'e^ - (C7r'^),^d(^^0^ 

[{CT^Tu)ap{CT^)se + {CT^Tl^)s,{CT^')^p\ e^9'd9' , 

(6.22) 

it is easy to identify A as the one-form on S 

A = ipf.dx'' + ^ipad9°' . (6.23) 

In this way, the customary Born-Infeld worldvolume field Aj(^) becomes here (j)*{A), with A on S given 
by (|6.23| ), and its existence may be looked at as a consequence of extended supersymmetry. 

The previous discussion shows that it is natural to rewrite the action of the D-branes on a flat 
background by using only objects that are initially defined on the appropriately extended superspace. 
We show now that the Euler Lagrange (EL) equations are still the same (provided a rather natural 
condition is met) and that the gauge transformations of Ai{^) can be reinterpreted in the new language. 
So at this point it seems that the geometric difference between the ordinary p-branes and the Dp-branes 
is that while the action of the former may be defined from forms on ordinary superspace S, the action 



of the latter requires the extended superspace of the IIA superstring if one whishes to avoid objects 
that only have a meaning on the world volume. In the IIA superstring case the extended superspace 
was also considered, but the new variables appeared only in the WZ term and as total derivatives 



(Sec. 5.1) and thus had trivial EL equations. In the D-brane case, in contrast, these variables have 
nontrivial EL equations. 

Let us now see how the EL equations change by making the substitution A — > (f^dx^ + ^ipadO"'. 
Let I[x^, Ai] be the action before making the subtitution, where Ai are the coordinates of the form 
A {A = AidC)- The EL equations are 

51 51 51 , , 

^ = 0' T7^=0> Tl- = 0- 6.24 
5xt' 56°' 5Aj ^ ' 

When the substitution is made, there are new terms in the equations, and they read 



51 51 ^ = 

5A.^(^^) 5xi'{i) 5xi' ' 5^^ 5A- 



51 51 ^ lL = \lLBi 

5Aj{i') 5e^{0 59^ ' 5^a 2 5Aj ^ 



(6.25) 



where the additional contributions come from the partial functional derivative terms. If j^djx^ and 
j^djO"' were zero without being zero, this would imply the collapse of one worldvolume dimension. 



Thus, we must have = which in the first equation of each set in ( |6.25 ) implies eqs. ( 6.24 ). Hence 



both actions are equivalent. In fact, it may be shown that there is an additional gauge freedom which 
accounts for the difference of degrees of freedom between A (eqn. ( |6.23D ) and Aj(^), but we shall not 
discuss this her^^. This seems to indicate that, when the action on W is obtained from entities on 
E, there is an additional gauge freedom which in our formulation plays a role complementing that of 
K-symmetry. 

Finally, the U{1) gauge field Ai{^) on W has a gauge transformation 5Ai{^) = (3jA(^). The 
question now is what is the gauge transformation of the component fields if one writes Ajd^* as (j)*{A). 
In other words, for a given A(^), there should be a transformation of ip^ and tpa in ( |6.23| ) reproducing 
5iA. This may be obtained by means of a superfield A such that (j)* X{x'^ , 6°) = A(^). Then if under 
a gauge transformation one defines 5ip^ = d^X and 5ipa = 2daX, (j)*{A) behaves as expected since 
then 5(j)*[ip^dx^ + ^(padO"] = diA. The fact that when the supersymmetry transformations of a field 
close only modulus a gauge transformation one obtains an extension of a FDA is not restricted to 
Dp-branes. In fact, one may achieve manifest invariance by introducing an electromagnetic potential 
on the worldsheet in the Green-Schwarz superstring action, in which case the string tension is the 
circulation of the potential around the string p9[ ] (see also |^0|) and a similar result applies to the 
other scalar p-branes [^]. Clearly, the worldvolume fields introduced there could be defined on our 
appropriate extended superspaces as well. As for the IIB Dp-brane, an analysis similar to that in this 
section for the IIA case would classify them by first showing that WZ terms exist for odd p. In a second 
stage, the worldvolume gauge field A may be expressed as the pull-back of a IIB superspace one-form. 
In fact, this last point for the A in the p=l IIB D-string case has been discussed very recently in [^] 
by introducing an appropriate extended group manifold. We may conclude, then, that the different 
worldvolume fields may be expressed in terms of forms defined on suitably extended superspaces. 



7 Noether charges and D-brane actions 

It follows from the discussion of Sec. |6| that the worldvolume field A{^) that appears in the D2-brane 
action may be written on the superstring extended superspace parametrized by {x'^,9",ip^,ipa)- On 
the other hand, the D2-WZ term, which is quasi-invariant in these coordinates, can be made strictly 
invariant by further extending the previous superspace to S = (0", x^, (^9^, (^q,, p^uifiJ.aifai3,V')- 
this way, the whole action is invariant. 

^^We thank P. Townsend for discussions on this point. 



If one now computes the canonical commutators (or Poisson brackets) of the charges corresponding 
to the symmetries of the action, the resulting algebra is exactly the RI version of the Lie algebra dual 
to ( 6.12| ) (removing its last line) plus ( 6.14 ), given in (|6.15| ). The RI generator algebra {{Q,Q}, etc.) 



is the same as ( |6.15 ) with an additional minus sign on the r.h.s. Let us concentrate on the {Qa, Qp} 
commutator, 

{Qa, Qp} = {crnapP^. + (CT^rn),/3Z^ + [cr^^UpZ'^'' + (crn)„^z (7.1) 

(there has been a redefinition of the generators so that {Q,Q} = +CT^P^ etc). Let us assume that 
we had written the action, as it is customary, in terms of {x^,6",A) alone, with A = ^(^) directly 
defined on W. In this case, the CT^i, and CTn contributions would come from the quasi-invariance 
of the WZ Lagrangian, while CTnF^ would be the result of the contribution of the A{(,) field to 
the Noether current [^] (see also |4^). This follows easily from the appropriate definition of the 
conserved Noether currents and charges (see, e.g., ||2^) which include an additional piece when the 
Lagrangian is quasi-invariant, a common feature of the conventional actions for p-branes [l^. In the 
present D-branes case, there is an additional contribution due to the worldvolume field A{$^) since its 
transformation properties, 6 A = A, are postulated to compensate for those of the composite object B, 
5B = dA, so that T = dA — 5 is invariant. As a result, the supersymmetry transformations do not 
close on A, and this produces an additional term by a mechanism similar to the one in the standard 
quasi-invariance case. 

These modifications become evident in our context i.e., by formulating the action on the ex- 
tended superspace. Let us consider the D2-brane Lagrangian with the quasi-invariant WZ term 
h = b{x'^, 6°',ipf^,ipa). The conserved Noether currents then have to include the quasi-invariance piece. 
If we wrongly ignored this additional term, the (canonical formalism) algebra of the corresponding 
(non-conserved, non-Noether) charges would be the algebra of the symmetries x^,9"',ip^,ipa of the 
Lagrangian, i.e. 

{Qa,Qp} = {CTnapP^^ + {CT^Tn)apZ^' . (7.2) 

The algebra of the conserved Noether charges is not (^j^), however, because these must include the 
quasi-invariance contribution. We may find the correct algebra immediatley by replacing the quasi- 
invariant WZ term 6, by 6 = b{x^,9°', ipfj_,ipa, ^fiu, ^^la, ^ai3, which is manifestly invariant since the 
transformation properties of the additional variables {'^fj.u , ^Pfj,a , 'Pap > remove the quasi-invariance of 
b. By definition, the transformation properties of all the coordinates obviously close into the group 
law or algebra. Hence, it follows that the algebra of charges computed using the canonical formalism 



reproduces (7T), and that the contributions to Z^'^ and Z are entirely due to the WZ term b (or to 



the quasi-invariance of 6(x^, 9",(p^,(pa) if we used b instead). 

8 Branes with higher order tensors: the case of the M5-brane 

We shall now show that the previous analysis can be applied also to other extended objects that are 
neither ordinary p-branes nor D-branes. We shall consider here the case of the D = 11 M5-brane, 



which contains a worldvolume two- form field A in the action (see [52|). The action in a flat bosonic 
background depends on A trough H = dA — C, where C is a background three-form. We shall take 
as our starting point the case with C = and with all other forms of rank higher than one in that 
action vanishing. We do not need to worry about the (generalized) self-duality condition for A on the 
worldvolume, since this condition may arise as a field equation for an auxiliary field (see [52, p3|). The 



supersymmetric action of the M5-brane is obtained in two steps. First, one substitutes H = dA — C 
for dA, where C is a form on ordinary flat superspace such that 

dC7 = -(cr^,)„/jn^n'^n"n^ , (s.i) 



and the transformation properties of the worldvolume field A are fixed so that H is invariant. Secondly, 
a WZ term is added to obtain k symmetry. 



Let us now find the WZ term in our framework. It should be obtained from the FDA generated 
by the abstract invariant forms IT", 11'^, H, 

dn" = o, dn^ = i(C7r'^)„^n"n'3, = (C7r^,),^n'^n'^n"n'3 , (8.2) 

and be given by a CE-non-trivial potential 6 of a closed form h{Il°',Il^,H). Thus, we have to solve 
the problem of finding nontrivial {p + 2)-cocycles of the FDA ( |8.2| ). We shall find that there is no 
solution unless p = 5. 

A general {p + 2)-form on ( ^.2| ) can be written as 

/l = /l(P+2) + /j(P-l)// ; (8.3) 

there are no further powers of H since = H A H = 0. The closure of h gives 

d/i(P+2) + dh'^P-^^H - {-l)Ph'^P~^\C^^^.)^p^^'U''U''U'^ = O , (8.4) 
which is equivalent to 



= 

d/i(p+2) = (-i)p/i(p-i)(CT^^)„^n^n'^n"n^. 

Now, since [h] = LP+^ and [H\ = L^, 

f^{p+2) ^ a(p+2)(cr^,..,^j„/3n^i . . . n^^n^n^ 



(8.5) 



(8.6) 



for some constants a^^"*"^^ and 0^^""*^^ The first equation in (|8.5| ) requires a^P~^^ = unless p — 3 = 2, 
in which case a^P~^^ is arbitrary due to the identity {CTfj_i,)a'i3'{CT'^)s'e' = 0, valid in D=4, 5,7, 11. 
If p 7^ 5, a^P~^^ = and h^P^^^ = 0, and the second equation of (|8.5| ) gives dh^P^^"^ = 0, which again 
implies a(P+2) = q unless p = 2. But if p = 2, we have h = h^'^+^^lx (Cr^^)«^n''n''n"n^ = dH, in 
which case h is the differential of a LI form and hence CE-trivial. Thus we are just left with the case 
p = 5, a^^~^^ arbitrary. Inserting (|8.6|) in (|8.5|) gives, factoring out the II^'s and II'^'s, 



^a^^+^\cr^^na'(^'icr,,...^,)s'e' + a(5-i)(cr[^^^j,,^,(cr^3^,])5,,, = o . (8.7) 

The second identity in ( [B.lD gives a^"^^ = —j^a^^\ The resulting closed form 

h oc {CT^,,„^,Xf^u''' ■ • •n'^^n^n^ - yCcr^.^j.^n^in^^n^n/'i? (8.8) 

is not CE-exact, as may be seen by an argument analogous to that used in the IIA D-branes case: a 
LI potential form b would have to be a scalar six- form depending on 11", II'^ and H with dimensions 
L^, which does not exist. 

It is possible to see, however, that a LI expression for H exists on the appropriate extended 
superspace. Since iJ is a three-form, it has formally the same properties as the invariant WZ term b of 
the M2-brane, the extended superspace of which is the one corresponding to the Lie FDA obtained by 
the methods of Sec. ^. Eqs. ( |2.3[ ), ( |3.1[ ), ( p.4[ ) and the first of (|3.5D with (as, Qq, 01,02) = {■^, ^, 1, — ^) 
give, respectively, 

dn" = o, dn'^ = ^(cr'^)„^n"n^ 

du^u = ^(CT^.)a/3n"n^ , du^p = - ^(cr^,),^n'^n'^ - ^(cr^)„^n^,n'^ 

du^c, = {cr,^)apU''u^ + (cr^),/3n,^n^ , + ^{cr^')^^u^sU^ + 2(CT^)5„,n^^,n'^ , 

(8.9) 

i.e., the dual of ( |5.14| )). Using again ( ^.26| ) we may then write 

= Vn^n^, + Vn°n^« - :^n«;3n"n^ . (8.10) 



We might now go on and show that there exists a LI 6 such that h = db on a, suitably extended 
superspace; we shall omit its expression |19| since it is not needed below. What we wish to show is that 
now we may use ( 8.10 ) to replace the worldvolume two-form A{(^) by the pull-back of the two-form A 
on extended superspace given by 

2 3 2 

A = -iff^^dx^'dx" - -Lff.adx^'de"' - —ifaf^dO' 

+ ^vi^ux'^icvupde'^de'^ + ^^^,dx''{cr'')^p9'^de'' - ^^^,{CT''Upicr'')see''de'^9^d9' 

oU oU ioU 

+ ^(/p^„(CT^)5,0^drdr + ^(^^„(cr'^)5ec^e^(irr . (8.11) 

Again, this expression may also be used to find the gauge transformation SA{(^) = dA{^). This is 
achieved by the one- form on superspace A = X^dx^ + XadO", (j)*{X) = A(^). Then, if 

3 

6^f,a = -l{d^^a + daX^) + ^d[^X,^{Cr'')ap0^ , 

1 c; 1 c 1 c: 

S^ap = - -i^d^'Xp' + -{CT^'Ue\^^Xs + dsX^) + -{CVnsa'e'id^Xf.^ + dp>X^) 

- ^{crnspicna^e'e^d^^x,] + lx>^{cna(,d[^K] (8.12) 

one obtains 5<j)*{A) = dA(^). 

As in the previous D-brane case, the EL equations derived from the action /[x^, 0", ^jj], 

61 61 61 , , 

^ = , T7^ = , ^— = 0, 8.13 

6x^' ' 60'^ ' 6Aij ' ^ ' 

are equivalent to the ones corresponding to the new action in which A{^) is the pull-back of ( B.ll| ). 
Indeed, the equation for Lp^p gives -^—diO^'djOf^ = 0, and substituting it into that of ^p^a, 



61 f 3 



6Aij V 5 



dix''dje^ + -^iCT'')s,e^die'dj9" + ^{crt')see"d,9^dj9'^ =0 , (8.i4) 



gives -^—diX^djO'^ = and so on. Therefore one obtains 



The second equation implies -^—diX^ = for all fi if one wants to avoid the possibility of one dimension 
of the object collapsing. This in turn implies = for the same reason, and inserting this equation 
into (|) gives ( |8l^ ). 



9 Conclusions 

We have provided in this paper a unified approach to the study of various p-branes by defining them 
on suitably extended superspaces. All of these are supergroup manifolds, extensions of the basic 
odd abelian groups sTr^ determined by the spinors of the specific theory considered. The extension 
algorithms in Sees. 2.2 and ^ show how they depend, when they do, on specific identities for T- 



matrices. The central extensions do not need any F-identities, but the non-central ones require the 



identities (3.3), precisely the ones needed to define the WZ terms of the old branescan. 

The centrally extended superspaces are associated with (topological) charges, but the introduction 
of manifestly super symmetric WZ terms requires the addition of non-central variables, already for the 



branes of the old branescan. When the procedure is appUed to Dp-branes, it is seen that ah the fields 
in their action may also be defined by pullbacks of entities on the previously introduced superspaces. 
In the language of FDA's, our results show that all the FDA's involved in the formulation of the 
p-branes considered here become Lie FDA's on suitably extended superspaces. We conjecture, in 
view of the previous discussion, that this is the case in general and that there exists an extended 
superspace definition for all fields appearing in the action of the various p-branes. In other words, 
there exists a kind of field/extended superspaces democracy by which all brane world volume fields are 
pullbacks from some target superspace S. The appropriate S of the theory is given by an extension 
of a certain sTr/j and, using S, the action can be defined in a manifestly invariant form. In fact, 
in this field/extended superspace democracy context, the invariance properties seem to characterize 
essentially the superbrane actions. It should not come then as a suprise that K-symmetric actions 
may also be introduced for Dp-branes, as in |^ for D-branes with rigid IIA and IIB superPoincare 
symmetry. As is the case for ordinary p-branes, K-symmetry is achieved when the relative coefficient 
of the kinetic and WZ-like part is such that the Bogomol'nyi bound is saturated. 

Our extensions provide at the same time a connection between the CE cocycles and the mecha- 
nism of partial breaking of super symmetry. The CE (p+2)-cocycles lead to (extended) loop-type or 



worldvolume current algebras (see, e.g. |12, 15, 54, and the two-cocycle to the corresponding 



algebra of charges defining the extended superspace algebra. The new variables in the extended su- 
perspaces are also essential to define (invariant) actions. They may also be relevant in the problem 
of quantisation, the formulation of dualities (see Sec. 2.3.1) and in the formulation of the additional 
gauge freedom hidden in the definition of some superbrane fields, the worldvolume definition of which 
reflects an election of gauge. We suspect that the mathematical existence of the extensions considered 
here has a deeper meaning beyond the aspects discussed in this paper. 



Note added. After completion of this paper an article has appeared in hep-th, where an approach 
similar to that in Sec. |6.2| for the field A is given for the IIB D-brane case. 
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Appendix 
A Non- central extensions 



We give here some details of the derivation of (3^). After introducing Ii^^...^p_^ai satisfying ( |3.4| ), we 



look for non-trivial CE 2-cocycles with external indices (//i . . . iXp-2aia2). There are four available LI 
two-forms with these indices, 

„(2) _ I'r'pi^A rr TT^ 

^(3) = (cr-),,„,n,^,...^^_,^n'3 

^(4) = {CT-)^,^pIi,,^,„,^^^^,Ii^ , (A.l) 

none of which is closed. Looking for a linear combination p = p^^^ + X2P^'^^ + Aap^'^^ + X4p^^^ that is 
closed, we compute (making use of the MC equations for the available II's) 

(CT'^)^5 + A2ao(Cr^) 

+A3ai(CT'^)Q,^a2(CT^j^/ii.../ip-2)7'5 ~ A4ai(CT'^)a/^^(CT^i,^j...^p_2)c^i,5| n'^IlTl'' 

+ |-A2ai(CT^)aia2(CT^)75 + A3^(CT^)aia2(Cr^)75 

an 



+ A4^(CT-)„;^(cr^)„'^5|n^.^,...^^_,n^n5 . (a.2) 

Inside the first curly brackets above, one can combine the third term with the second, changing at the 
same time its sign (the F's are antisymmetric in the vector indices). In the fourth term, one can also 
symmetrise over 7, 6 (since 11^ and II^ commute). Effecting explicitly this symmetrisation, as well as 
the indicated one (by the primes) over qi, 02, one gets four terms, which, together with the other two, 
give exactly the six permutations of ( |3.3| ) (the F's are symmetric in the spinorial indices, so that the 
twenty- four permutations of (^) reduce to six). The sum of all six terms will be zero (due to (|3.3|) ) 
if their coefficients are equal - this gives the equations 

00^2 — aiAs = 2as , —-01X4 = 2as ■ (A. 3) 

Inside the second curly brackets in ( [A. 21 ), the last term is zero because of antisymmetry in fj,, v. The 
sum of the first two will be zero (for the same reason) if their coefficients are equal, i.e. if 

a.A2 + ^A3 = . (A.4) 

Oo 

Solving the linear system of ( [A.3 ), ( [A.4| ) one gets 

A2 = ^ , A3 = -^ , A4 = -8^ , (A.5) 

ao til 0,1 



which leads to the first of (|3.5| ). 

For the next extension, looking for LI two- forms with indices (^1 . . . /ip_3aia203) we find 

/.(I) = (C7F'^)„;„'^n,,^,...^^_3„,n^ 
= (C7F'^)„.^n,^,..^^_3,.,.n/5 

none of which is closed (we use, for simplicity, the same symbols p, A as in the previous extension). 
For their linear combination p = p^^^ + X2P^'^^ + X^p^^^ we compute 

dp = (cn^^^^^ai |(CTA.p^,...^,_3)/3,^n^n^ + ^(CT-)^,, n.,,^,...p^_3)n^| 

+X2a4{cr'')a'^p |(CF^p,^^^.„^p_3)o^o^n'^n'' + -^{cr'')a'^a'J^„pufj.i...,ip-3^'' 
--^{CT'')c,'^c,'J^^ufii...tJ.p-i'y^'' - 8^(CF'^)Q,/^^n„j,^j .^p_3„/^n'^| 

-^{cn^a',n^u,,...pp-s,^'' - 8^icn^,K.p,,,,^p_,^,.^w] (a.7) 

(the barred indices in the last term denote a second symmetrisation, besides the one over the primed 
indices). There is a novelty here compared with the previous extension: there are four different types 
of terms in the II's, the coefficients of which must separately vanish, giving rise to four linear equations 
for the two unknowns A2, A3 (care must be taken of the fact that when the second symmetrisation in 
the last term above is effected, corresponding to the barred indices, one obtains contributions to two 
different types of terms in the II's). Making use of ( |3.3| ) and of the symmetry properties of the F's, as 
in the previous extension, one arrives at the (overdetermined) linear system 

A2-A3 = - , 4^A3 = a, , A2-5A3 = (A.8) 

a2 ai 

(the first equation appears twice) which nevertheless admits the solution 



leading to the second of (3.5). The last of (3.5), as well as (3.6), are proved similarly. 



B D = 10 F-matrix identities 

We prove here the F-identities needed in Sec. 3J^. The first two identities in (|6.9| ) follow by dimen- 



sional reduction from the known D = 11 relations 

(CF'^')a'/3'(CT^iA2)5'.' = , 

(C'r^5)Q,'^'(CF^i...^5)5/e' - 3(C'F[^^^2)Q,'/3'(CT^3A4])'5'e' = ■ (B.l) 

where the tilded indices /i = 0, 1, . . . , 10. 

The third identity can be proved as follows. First, using that 

^fj.i...fi(, = r^^...^5F^g — 5F[^^ ^^Ty^gj^g (B.2) 

and the fact that F^^^ = 1, we see that 

{CTP')a'p'{crp,,„^,)s'e' = {crp')a'p'{cr^,,„^,ru)s'x{riirp,)\, (b.3) 



since the second term in ( |B.2| ) does not contribute because (CF^^...^^)^^ is antisymmetric (primed 
indices are symmetrised). Now, due to the identity (CF^)Q/^/(CFiiF'^)5/e/ = 0, we have 
iCr^)a'p'{Tnrn\' = - {T p)\,{r urn 13' e' so that 

iCTP^)a'/3'iCT^j^,„^g)s'e' = -(CF^^...^gFiiF^'5)yQ,/(FiiF^g)^/£/ 

= 5(CF[^^ ^^Fii)ya/(CFiiF^5])^/e/ , (B.4) 



where in the second equality use has been made of ( p. 21) and the fact that (CF^j...^gFii)5a is anti- 
symmetric. 

Finally, the fourth equation in ( |6.9D may be shown to be equivalent to the second. Indeed, by mul- 
tiplying the fourth identity by eMi-MT^i^-a^a and using that F^,...^,Fn cx jT^^t^i-t^,Pi-Pio-,^'"'"'''°"' ^ 
one obtains 

7'3' r 1 6!4!7 

^{CT^''')a'p'{CV'"''^)5'e' + -^{CT^^"'"'"''rn)a'f3'{Cr^,Tn)s'e' = , (B.5) 



which is equivalent to the second equation in ( |B.1| ) due to the fact that iF^Fn realize the same Clifford 
algebra as F^. 
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